Three kinds of integrable Kondo problems in one-dimensional extended Hubbard models are studied by means of the boundary graded quantum inverse scattering method. The boundary K matrices depending on the local moments of the impurities are presented as a nontrivial realization of the graded reflection equation algebras acting in a (2s ␣ ϩ1)-dimensional impurity Hilbert space. Furthermore, these models are solved using the algebraic Bethe ansatz method, and the Bethe ansatz equations are obtained.
I. INTRODUCTION
The study of integrable models of correlated electrons with open boundary conditions has been the subject of considerable attention. [1] [2] [3] [4] [5] [6] [7] [8] [9] Recently it has become apparent that for models of open chains it is possible to obtain integrable impurity boundary conditions as operators that need not be expressed in terms of the ͑super͒symmetry of the bulk model. A very important application of this procedure is in the context of Kondo, i.e., spin, impurities in models of correlated electrons. For the case of the supersymmetric t-J model boundary spin- A reformulation of this model in the context of the quantum inverse scattering method ͑QISM͒ was given in Ref. 11 , demonstrating that the model could be obtained via a family of commuting transfer matrices and thus establishing integrability. Central to this approach is the representations of the reflection equation algebras originally introduced by Sklyanin. 12 Such a solution guarantees that boundary terms may be applied to any model whose bulk integrability is associated with a solution of the Yang-Baxter equation. An interesting observation made in Ref. 11 was that the necessary solution of the reflection equation was not regular in the sense that it is not obtained by ''dressing''; i.e., it cannot be factorized into a product of local monodromy matrices and a c-number matrix.
By utilizing the underlying algebraic structure it was subsequently shown in Ref. 13 that more general classes of integrable t-J models with Kondo impurities exist. These were derived from both gl(2͉1) and gl(3) invariant solutions of the Yang-Baxter equation, and the solution of the reflection equation was extended to accomodate arbitrary spin s impurities situated on the boundaries. Again, the new solutions of the reflection equation are not regular. Moreover, it was also demonstrated in Ref. 13 that the algebraic Bethe ansatz is applicable for these models and explicit solutions were given.
Recently, the work of Frahm and Slavnov 14 has provided a representation-theoretic explanation for the existence of these nonregular solutions of the reflection equation. In essence, such solutions are obtained by suitable projection onto a subspace of the impurity Hilbert space for a regular solution. A consequence of this projection method is that the remaining ͑super͒symmetry in the new boundary operator on the impurity site corresponds to a subalgebra of the ͑super͒ symmetry of the original regular solution. As examples, this was illustrated in Ref. 14 for the case of gl(m) impurites coupled to an open gl(n) invaraint chain for mϽn and a reproduction of the integrable t-J model with Kondo impurities given in Ref. 13 .
It is immediately evident in view of these results that integrable spin impurities, being characterized by the simplest Lie algebra su (2) , can be readily obtained from regular solutions coming from the larger ͑super͒symmetry associated with the model in the bulk. In particular, it is possible to obtain integrable boundary Kondo impurity models associated with the Lie algebra gl(4) and superalgebras gl(3͉1) and gl(2͉2), which we investigate here. In each case, the bulk Hamiltonian can be expressed in the form of an extended Hubbard model and thus is worthy of investigation in terms of the physical properties that are exhibited. The bulk Hamiltonian associated with the gl(2͉2) solution is well known from previous work of Essler et al. 15 For the cases of gl(4) and gl(3͉1), although the quantum R matrices are well known in the literature, [16] [17] [18] a realization of the associated Hamiltonians in terms of Fermi operators appears lacking. Here we present for these two cases the bulk Hamiltonians, which are new models for integrable correlated electron systems.
In the next section we introduce the three forms of extended Hubbard models with integrable boundary Kondo impurities. Following this we undertake an algebraic Bethe ansatz approach to solve each case. In the last section we conclude with some final remarks.
L n j , and h ͚ jϭ1 L (n j↑ Ϫn j↓ ) to the Hamiltonian ͑1͒,without spoiling the integrability. Below we will establish the quantum integrability of the Hamiltonian ͑1͒ for a special choice of the model parameters J ␣ , V ␣ , and U ␣ :
This is achieved by showing that it can be derived from the ͑graded͒ boundary quantum inverse scattering method.
5,8
Here we emphasize that a special case of this model, corresponding to s ␣ ϭ 1 2 , has been studied in Ref. 19 . The second choice of couplings that leads to an integrable model is given by
In this case we can introduce integrable Kondo impurities on the boundary by choosing
A third choice of couplings that leads to an integrable model is
where integrable Kondo impurities on the boundary are obtained by the choice
Let us recall that the Hamiltonian of the one-dimensional ͑1D͒ supersymmetric extended Hubbard model with periodic boundary conditions commutes with the transfer matrix, which is the supertrace of the monodromy matrix T(u):
Here the quantum R matrix R(u) comes from the fundamental representation of gl(2͉2) and takes the form 
͑8͒
It should be noted that the supertrace is carried out for the auxiliary superspace V. The elements of the supermatrix T(u) are the generators of an associative superalgebra A defined by the relations
where X 1 ϵX 1, X 2 ϵ1 X for any supermatrix X End(V). For later use, we list some useful properties enjoyed by the R matrix: ͑i͒ unitarity: R 12 (u)R 21 
respectively. Here the supertransposition st ␣ (␣ϭ1,2) is only carried out in the ␣th factor superspace of V V, whereas ist ␣ denotes the inverse operation of st ␣ . By modifying Sklyanin's arguments, 12 one may show that the quantities (u) given by (u)ϭstr͓T ϩ (u)T Ϫ (u)͔ constitute a commutative family, i.e., ͓(u 1 ),(u 2 )͔ϭ0.
One can obtain a class of realizations of the superalgebras T ϩ and T Ϫ by choosing T Ϯ (u) to be the form
where K Ϯ (u), called boundary K matrices, are representations of T Ϯ in some representation superspace. We now solve Eqs. ͑10͒ and ͑11͒ for K Ϫ (u) and K ϩ (u). For the quantum R matrix ͑8͒, one may check that the matrix K Ϫ (u) given by
where
satisfies Eq. ͑10͒. Here S Ϯ ϭS x ϮiS y . The matrix K ϩ (u) can be obtained from the isomorphism of the superalgebras T Ϫ and T ϩ . Indeed, given a solution T Ϫ of Eq. ͑10͒, then T ϩ (u) defined by
is a solution of Eq. ͑11͒. The proof follows from some algebraic computations upon substituting Eq. ͑16͒ into Eq. ͑11͒ and making use of the properties of the R matrix. Therefore, one may choose the boundary matrix K ϩ (u) as
with
Now it can be shown that Hamiltonian ͑1͒ is related to the second derivative of the boundary transfer matrix (u) with respect to the spectral parameter u at uϭ0 ͑up to an unimportant additive constant͒
where P denotes the graded permutation operator, and the subscript 0 denotes the four-dimensional auxiliary superspace VϭC 2,2 with the grading P͓i͔ϭ0 if iϭ1,2 and 1 if iϭ3,4, and
This implies that this model, as with the following two model we will study, admits an infinite number of mutually commuting conserved currents, thus assuring its integrability. The second choice of integrable couplings results from use of an R matrix obtained by imposing the Z 2 grading associated with two bosonic and two fermionic states to the fundamental su(4) R matrix, which reads We now solve Eqs. ͑10͒ and ͑11͒ for K Ϫ (u) and K ϩ (u). For Eq. ͑21͒, we find that the matrix K Ϫ (u) given by Eq. ͑14͒ where
satisfies Eq. ͑10͒. The matrix K ϩ (u) can again be obtained from the isomorphism of the superalgebras T Ϫ and T ϩ through
Therefore, one choose the boundary matrix K ϩ (u) as
͑25͒
For this example it can be shown that the Hamiltonian ͑3͒ is related to the logarithmic derivative of the transfer matrix (u) with respect to the spectral parameter u at uϭ0 ͑up to an additive chemical potential term͒
and subject to the constraints ͑4͒. 
͑27͒
Again we solve Eqs. ͑10͒ and ͑11͒ for K Ϫ (u) and K ϩ (u). For Eq. ͑27͒ we obtain Eqs. ͑14͒ and ͑22͒, and
The Hamiltonian ͑5͒ is related to the logarithmic derivative of the transfer matrix (u) with respect to the spectral parameter u at uϭ0 ͑up to an additive chemical potential term͒
For this case we obtain Eq. ͑5͒ subject to the constraints ͑6͒.
III. THE BETHE ANSATZ SOLUTIONS
Having established the quantum integrability of the models, let us now diagonalize the Hamiltonians by means of the algebraic Bethe ansatz method. 12, 20 For the first case ͑1͒, introduce the ''doubled'' monodromy matrix U(u):
where T (u)ϭT Ϫ1 (Ϫu). Substituting into the reflection equation ͑10͒ we may draw the following commutation relations: . ͑35͒
Next choose Bethe state ͉⍀͘ of the form
with ͉⌿ ͘ being the pseudovacuum. Acting the transfer matrix (u) on the state ͉⍀͘ we have (u)͉⍀͘ϭ⌳(u)͉⍀͘ with the eigenvalue ⌳͑u ͒ϭ u uϪ1
provided the parameters ͕u j ͖ satisfy
Here ⌳
(1) (u;͕u i ͖) is the eigenvalue of the transfer matrix (1) (u) for the reduced problem that arises out of the r matrices from the first term in the right-hand side of Eq. ͑33͒ with the reduced boundary K matrices K Ϯ (1) (u):
͑42͒
Here K Ϫ (1) (u), the boundary K matrix after the first nesting, follows from the relation
͉⌿͘.
͑43͒
Indeed, applying the monodromy matrix T(u) and its ''adjoint'' T (u) to the pseudovacuum, we have
where d b, d,bϭ2,3,4. Then we have
A͑u ͉͒⌿͘ϭ͉⌿͘,
which come from a variant of the ͑graded͒ Yang-Baxter algebra ͑9͒ with the R matrix ͑8͒,
Noticing the change u→uϪ1 with respect to the original problem, one may check that these boundary K matrices satisfy the reflection equations for the reduced problem. After some algebra the reduced transfer matrix (1) (u) may be recognized as that for the inhomogeneous supersymmetric t-J open chain interacting with the Kondo impurities of arbitrary spins, which has been diagonalized in Ref. 13 . The final result is
͑49͒
Here ⌳ (2) (u;͕u j ͖,͕v ␣ ͖) is the eigenvalue of the transfer matrix (2) (u) for the M 1 -site inhomogeneous XXX open chain interacting with the Kondo impurities of arbitrary spins,
After a shift of the parameters u j →u j ϩ1,v ␣ →v ␣ ϩ2, the Bethe ansatz equations ͑38͒, ͑49͒, and ͑51͒ may be rewritten as follows:
with the corresponding energy eigenvalue E of the model
We now perform the algebraic Bethe ansatz method 12, 20 procedure for the second couplings ͑3͒. We introduce the ''doubled'' monodromy matrix U(u), as in Eq. ͑32͒. Substituting in the reflection equation ͑10͒ we may draw commutation relations Eqs. ͑33͒ and ͑34͒. Here
␦ bd A͑u ͒ and the matrix r(u), which in turn satisfies the quantum Yang-Baxter equation, takes the form, .
͑54͒
Choosing the Bethe state ͉⍀͘ as Eq. ͑36͒ with ͉⌿͘ being the pseudovacuum, and acting the transfer matrix (u) on the state ͉⍀͘,we have (u)͉⍀͘ϭ⌳(u)͉⍀͘, with the eigenvalue ⌳͑u ͒ϭ uϪ4 uϪ1
͑56͒
(1) (u;͕u i ͖) is the eigenvalue of the transfer matrix (1) (u) for the reduced problem, that arises out of the r matrices from the first term in the right-hand side of Eq. ͑58͒, with the reduced boundary K matrices K Ϯ (1) (u) from Eq. ͑39͒ where
and Eq. ͑41͒ where
͑58͒
Here K Ϫ (1) (u), the boundary K matrices after the first nesting, follows from relations ͑43͒. Indeed, applying the monodromy matrix T(u) and its ''adjoint'' T (u) to the pseudovacuum, we have Eqs. ͑44͒ and ͑45͒
which come from a variant of the ͑graded͒ Yang-Baxter algebra ͑9͒ with the R matrix ͑21͒, as in Eq. ͑47͒.
Noticing the change u→uϪ1 with respect to the original problem, one may check that these boundary K matrices satisfy the reflection equations for the reduced problem. After some algebra,the reduced transfer matrix (1) (u) may be recognized as that for the inhomogeneous su͑3͒ t-J open chain interacting with the Kondo impurities of arbitrary spins, which has been diagonalized in Ref. 13 . The final result is
provided the parameters ͕v ␣ ͖ satisfy
͑61͒
(2) (u;͕u j ͖,͕v ␣ ͖) is the eigenvalue of the transfer matrix (2) (u) for the M 1 -site inhomogeneous XXX open chain interacting with the Kondo impurities of arbitrary spins,
After a shift of the parameters u j →u j ϩ1,v ␣ →v ␣ ϩ2,w ␤ →w ␤ ϩ3, the Bethe ansatz equations ͑56͒ , ͑61͒, and ͑63͒ may be rewritten as follows:
with the corresponding energy eigenvalue E of the model in Eq. ͑53͒.
We now perform the algebraic Bethe ansatz method 12, 20 procedure for the third couplings ͑5͒. We introduce the ''doubled'' monodromy matrix U(u), as in Eq. ͑32͒ where T (u)ϭT Ϫ1 (Ϫu). Substituting into the reflection equation ͑10͒, we may draw the following commutation relations,
␦ bd A͑u ͒ and the matrix r(u), which in turn satisfies the quantum Yang-Baxter equation, takes the form, of Eq. ͑54͒. Choosing the Bethe state ͉⍀͘ as Eq. ͑36͒ with ͉⌿͘ being the pseudovacuum, and acting the transfer matrix (u) on the state ͉⍀͘,we have (u)͉⍀͘ϭ⌳(u)͉⍀͘, with the eigenvalue ⌳͑u ͒ϭ uϪ2 uϩ1
͑68͒
(1) (u;͕u i ͖) is the eigenvalue of the transfer matrix (1) (u) for the reduced problem, which arises out of the r matrices from the first term in the right-hand side of Eq. ͑65͒, with the reduced boundary K matrices K Ϯ (1) (u) from Eq. ͑39͒ where
Here K Ϫ (1) (u), the boundary K matrices after the first nesting, follows from the relations
,4. Then we have
A͑u ͉͒⌿͘ϭ͉⌿͘, Taking the limit u 1 →u 2 , these equations become
Solving the first two equations, we have 
